Derivatives of the three-dimensional Green’s functions for anisotropic materials  by Lee, Ven-Gen
International Journal of Solids and Structures 46 (2009) 3471–3479Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rDerivatives of the three-dimensional Green’s functions for anisotropic materials
Ven-Gen Lee *
Department of Civil Engineering, National Chi Nan University, Puli, Nantou 54561, Taiwana r t i c l e i n f o
Article history:
Received 3 December 2008
Received in revised form 30 April 2009
Available online 7 June 2009
Keywords:
Green’s functions
Anisotropic elastic materials
Cauchy residue theorem
Stroh eigenvalues
Degenerate case0020-7683/$ - see front matter  2009 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2009.06.002
* Tel.: +886 49 2910960x4952; fax: +886 49 29181
E-mail address: vglee@ncnu.edu.twa b s t r a c t
A concise formulation is presented for the derivatives of Green’s functions of three-dimensional generally
anisotropic elastic materials. Direct calculation for derivatives of the Green’s function on the Cartesian
coordinate system is a common practice, which, however, usually leads to a complicated course. In this
paper the Green’s function derived by Ting and Lee [Ting, T.C.T., Lee, V.G., 1997. The three-dimensional
elastostatic Green’s function for general anisotropic linear elastic solids. The Quarterly Journal of Mechan-
ics and Applied Mathematics 50 (3) 407–426] is extended to obtain the derivatives. Using a spherical
coordinate system, the Green’s function can be shown as the composition of two independent functions,
one depends only on the radial distance of the ﬁeld point to the origin and the other is in spherical angles.
The method of derivation is based on the total differential scheme and then takes its partial differentia-
tion accordingly. With the application of Cauchy residue theorem, the contour integral can be evaluated
in terms of the Stroh eigenvalues of a sextic equation. For the degenerate case, evaluation of residues at
multiple poles is also given. Applications of the present result are made to examine the Green’s functions
and stress components for isotropic and transversely isotropic materials. The results are in exact agree-
ment with existing solutions.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
The Green’s functions and their derivatives are essential for eval-
uating the elastic ﬁelds and energies associated with various inclu-
sion, inhomogeneity, and dislocation problems of an anisotropic
body.Much effort has been devoted to deriving explicit expressions,
approximate forms, or numerical results of Green’s functions and
their derivatives. For example, Kron¨er (1953) presented the result
of Green’s function for general anisotropic materials in a series of
surface harmonic functions. Lie and Koehler (1968) obtained
approximate trigonometric representation for the derivatives of
Green’s functions for cubic crystals by using Fourier series method.
For isotropic materials, the Green’s functions and their derivatives
are in simple analytical form and can be found in many sources
(Kelvin, 1882; Mura, 1992). But the case for a general anisotropic
material, the Green’s functions are basically difﬁcult to obtain and
their derivatives are far more complicated except for transversely
isotropic materials (Lifshitz and Rozenzweig, 1947; Elliott, 1948;
Willis, 1965; Pan and Chou, 1976).
The Green’s function is usually solved by Fourier transform
techniques. Using the Fourier transform scheme, the anisotropic
elastic Green’s functions were obtained as a line integral, which
is evaluated in the plane normal to the position vector. The
closed-form solution of Green’s functions relies on solving thell rights reserved.
35.roots of a sextic equation resulted from the Fourier inverse trans-
form procedure (Lifshitz and Rozenzweig, 1947; Synge, 1957; Ting
and Lee, 1997). Subsequently, the derivatives of Green’s function
can be evaluated directly from the line integral forms (Barnett,
1972; Lee, 2003). However, a direct calculation is quite compli-
cated. Hence, Barnett (1972) developed a numerical scheme for
evaluating the derivatives of Green’s functions. Numerical algo-
rithm for computing the anisotropic elastic Green’s functions and
their derivatives have also been studied extensively by Vogel and
Rizzo (1973), Wilson and Cruse (1978), Sales and Gray (1998),
Tonon et al. (2001) and Phan et al. (2005).
Using the spherical coordinate system, Ting and Lee (1997)
showed that the Green’s function for a generally anisotropic mate-
rial can be expressed as one of the Barnett–Lothe tensors H, which
depends only on the spherical angles, times 14pr, where r is the dis-
tance from the ﬁeld point to the origin. In this paper, their Green’s
functions are used to obtain the related derivatives. Employing the
total differential technique, the derivatives taken with respect to
Cartesian coordinate system can be evaluated by partial differenti-
ating on the parameters of spherical coordinates as intermediate
variables and then take limiting processes. The solutions are
expressed in terms of residues of poles, which are determined by
roots of the Stroh sextic equation. The details in evaluation of the
residues at multiple roots are also given. Following the same
approach, higher order derivatives can be calculated. Finally, the
Green’s functions and stress components for isotropic and trans-
versely isotropic materials are given as examples.
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Consider a three-dimensional anisotropic elastic material
subjected to a concentrated force f at the origin x ¼ 0. In a ﬁxed
rectangular coordinate system xi, the ui and rij ði; j ¼ 1;2;3Þ are
the displacement and stress in an anisotropic elastic material. The
stress–strain lawsand theequationsof equilibriumcanbewrittenas
rij ¼ Cijksuk;s; ð1Þ
Cijksuk;sj ¼ dðx1Þdðx2Þdðx3Þfi; ði; j; k; s ¼ 1;2;3Þ; ð2Þ
where a comma denotes differentiation, repeated indices imply
summation, dðxiÞ is the Dirac delta function, and the Cijks are the
elastic moduli. The displacement vector is
u ¼ GðxÞf ; ð3Þ
where the Green’s function GijðxÞ is deﬁned as the xi-component of
displacement at point x when a unit force in the xj-direction is
applied at the origin x ¼ 0. Let n andm be any twomutually orthog-
onal unit vectors on the oblique plane whose normal is the position
vector x. Consider a spherical coordinate system and choose the cor-
responding n and m as
x=r ¼
sin/ cos h
sin/ sin h
cos/
264
375; n ¼ cos/ cos hcos/ sin h
 sin/
264
375; m ¼  sin hcos h
0
264
375; ð4Þ
where r ¼ jxj. The vectors [n,m,x/r] should form a right-handed
triad. By using Fourier transform techniques, the three-dimensional
elastostatic Green’s function G(x) can be obtained in inverse trans-
formed form as an line integral taken on the oblique plane normal
to the position vector x, i.e. (Synge, 1957; Ting and Lee, 1997)
GðxÞ ¼ 1
4pr
H½x; ð5Þ
with
H½x ¼ 1
p
Z 1
1
C^ðpÞ
jCðpÞj dp: ð6Þ
The matrix CðpÞ is deﬁned as
CðpÞ ¼ Q þ pðRþ RTÞ þ p2T; ð7Þ
in which the superscript T means the transpose and the Q, R, and T
are 3 3 matrices with components
Qik ¼ Cijksnjns; Rik ¼ Cijksnjms; Tik ¼ Cijksmjms: ð8Þ
The bCðpÞ is the adjoint matrix of CðpÞ and is a polynomial in p of de-
gree four as
bCðpÞ ¼X4
n¼0
pnbCðnÞ: ð9Þ
The vanishing of the determinant jCðpÞj ¼ 0 in (6) leads to a sextic
equation in p. As is well known, the six eigenvalues are complex
and occur in three complex conjugate pairs provided that Cijks is
positive deﬁnite (Eshelby et al., 1953). Let Pv ðv ¼ 1;2;3Þ be the
roots (Stroh eigenvalues) of jCðpÞj ¼ 0 with a positive imaginary
part, the Pv can be written as Pv ¼ av þ ibv ðbv > 0Þ. Thus, the
determinant of CðpÞ can be written explicitly as
jCðpÞj ¼ jTjf ðpÞ; ð10Þ
where
f ðpÞ ¼ ðp p1Þðp p1Þðp p2Þ p p2ð Þðp p3Þ p p3ð Þ: ð11Þ
By using the Cauchy residue theorem, the tensor H can be written as
(Ting and Lee, 1997)H½x ¼ 1jTj
X4
n¼0
qn bCðnÞ; ð12Þ
where
qn ¼
1
2b1b2b3
Re
pn1
ðp1p2Þðp1p3Þ þ   
n o
 dn2
h i
for n ¼ 0;1;2;
1
2b1b2b3
Re
pn21 p2p3
ðp1p2Þðp1p3Þ þ   
n o
 dn2
h i
for n ¼ 2;3;4:
8><>: ð13Þ
It should be noted that the Green’s function in (5) is expressed in
separation of variables of the radial distance from the ﬁeld point
to the origin, r, and the spherical angles, h and /. The tensor H½x
is independent of r. Eq. (5) can therefore be written as
GðxÞ ¼ 1
4pr
H½h;/: ð14Þ3. The derivatives of Green’s functions
To evaluate oGijoxk , we can take partial differentiations of Green’s
function with respect to r, h, and / accordingly by the total differ-
ential scheme. The result is
oGij
oxk
¼ oGij
or
or
oxk
þ oGij
oh
oh
oxk
þ oGij
o/
o/
oxk
: ð15Þ
We note that, no matter taking derivatives with respect to any one
of the variables, the differentiations on r, h, and / are needed in
common. We therefore consider their formulations ﬁrst. Through
the deﬁnition of variables in (4), the partial differentiations needed
in (15) are
or
oxi
¼ xi
r
; ð16Þ
oh
ox1
¼  sin h
r sin/
;
oh
ox2
¼ cos h
r sin/
;
oh
ox3
¼ 0; ð17Þ
o/
ox1
¼ cos/ cos h
r
;
o/
ox2
¼ cos/ sin h
r
;
o/
ox3
¼  sin/
r
: ð18Þ
It is noted that when / tends to 0 or p, the terms ohox1 and
oh
ox2
in Eq.
(17) tend to inﬁnity. However, the derivatives of the Green’s
function in Eq. (15) have removable singularity at / ¼ 0 or p. A
discussion on sin/ ! 0 is given in Section 5 for the case of isotropic
materials.
It follows directly from (5) and (6) that the partial differentia-
tion of Gij with respect to r, h, and / are
oGij
or
¼ 1
r
Gij; ð19Þ
oGij
oh
¼ 1
4p2r
fI1  J1g; ð20Þ
oGij
o/
¼ 1
4p2r
fI2  J2g; ð21Þ
where
I1 ¼
Z 1
1
oC^ijðpÞ
oh
jCðpÞj dp; ð22Þ
I2 ¼
Z 1
1
oC^ijðpÞ
o/
jCðpÞj dp; ð23Þ
J1 ¼
Z 1
1
C^ijðpÞ  ojCðpÞjoh
jCðpÞj2
dp; ð24Þ
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Z 1
1
C^ijðpÞ  ojCðpÞjo/
jCðpÞj2 dp: ð25Þ
Accordingly, the details of the integration of (22)–(25) are as fol-
lows. By differentiating the matrix bCðpÞ in (9) with respect to
h and /, we have
oC^ijðpÞ
oh
¼
X4
n¼0
pn
oC^ðnÞij
oh
; ð26Þ
oC^ijðpÞ
o/
¼
X4
n¼0
pn
oC^ðnÞij
o/
: ð27Þ
Following the technique used in (6), (12) and (13), the integrals
I1 and I2 can be written explicitly in a similar fashion as
I1 ¼ pjTj
X4
n¼0
qn
oC^ðnÞij
oh
; ð28Þ
I2 ¼ pjTj
X4
n¼0
qn
oC^ðnÞij
o/
: ð29Þ
The problem now is to evaluate the integrals J1 and J2. It is shown in
(4), (8) and (10) that jTj is function of h only and f ðpÞ depends both
on h and /. The corresponding partial differentiation on the deter-
minant of CðpÞ are
ojCðpÞj
oh
¼ ojTj
oh
f ðpÞ þ jTj of ðpÞ
oh
; ð30Þ
ojCðpÞj
o/
¼ jTj of ðpÞ
o/
: ð31Þ
Now substituting (30) and (31) into (24) and (25), we obtain
J1 ¼ I3 þ
p
jTj
Z 1
1
bCijðpÞ  of ðpÞoh
f ðpÞ2
dp; ð32Þ
J2 ¼
p
jTj
Z 1
1
bCijðpÞ  of ðpÞo/
f ðpÞ2 dp; ð33Þ
with
I3 ¼ pjTj2
ojTj
oh
X4
n¼0
qnC^
ðnÞ
ij : ð34Þ
Because the f ðpÞ is a sextic equation in p, the highest order of
of ðpÞ
oh or
of ðpÞ
o/ should be ﬁve in p. Thus the numerators C^ijðpÞ of ðpÞoh in
(32) and C^ijðpÞ of ðpÞo/ in (33) are polynomials of degree nine in p.
Consider a representative term in (32) and (33) as
Sn ¼
Z 1
1
UnðpÞ
ðp p1Þ2ðp p2Þ2ðp p3Þ2
dp; ð35Þ
with
UnðpÞ ¼ p
n
ðp p1Þ2ðp p2Þ2ðp p3Þ2
ðn ¼ 0;1;2; . . . ;9Þ: ð36Þ
Using Cauchy theorem of residues, the explicit expression of Sn
yields the following result:
(i) Distinct eigenvalues: p1–p2–p3–p1
Sn¼2pi
X3
k¼1
1
ðpkpkþ1Þ2ðpkpkþ2Þ2
U0nðpkÞ
2UnðpkÞ
ðpkpkþ1Þ
 2UnðpkÞðpkpkþ2Þ
 
: ð37Þ
Noting that p4 ¼ p1 and p5 ¼ p2. The U0nðpÞ is given byU0nðpÞ¼
pn1
ðp p1Þ2ðp p2Þ2ðp p3Þ2
n2p 1
p p1þ
1
p p2þ
1
p p3
  
:
ð38Þ
(ii) Double eigenvalues: p1 ¼ p2–p3
Sn ¼ 2piðp1  p3Þ2
1
3!
U000n ðp1Þ  6
U00nðp1Þ
ðp1  p3Þ
þ 18 U
0
nðp1Þ
ðp1  p3Þ2
"(
24 Unðp1Þ
ðp1  p3Þ3
#
þ U
0
nðp3Þ
ðp3  p1Þ2
 4 Unðp3Þ
ðp3  p1Þ3
)
: ð39Þ
In Eq. (39) the differentiation of UnðpÞ with respect to p for higher
degree is performed by the same way as in (38), the results are
U0nðpÞ ¼
pn1
ðp p1Þ4ðp p3Þ2
n 2p 2
p p1 þ
1
p p3
  
; ð40Þ
U00nðpÞ ¼
pn2
ðp p1Þ4ðp p3Þ2
(
nðn 1Þ  4np 2
p p1 þ
1
p p3
 
þ2p2 10
ðp p1Þ2
þ 8ðp p1Þðp p3Þ þ
3
ðp p3Þ2
" #)
; ð41Þ
U000n ðpÞ ¼
pn3
ðp p1Þ4ðp p3Þ2
(
nðn 1Þðn 2Þ  6nðn 1Þp 2
p p1

þ 1
p p3

þ 6np2 10
ðp p1Þ2
þ 8ðp p1Þðp p3Þ þ
3
ðp p3Þ2
" #
24p3 5
ðp p1Þ3
þ 5
ðp p1Þ2ðp p3Þ
þ 3
ðp p1Þðp p3Þ2
"
þ 1
ðp p3Þ3
#)
: ð42Þ
(iii) Triple eigenvalues: p1 ¼ p2 ¼ p3
Sn ¼ 2pi5! U
ð5Þ
n ðp1Þ; ð43Þ
where
Uð5Þn ðpÞ ¼
pn5
ðp p1Þ6
(
nðn 1Þðn 2Þðn 3Þðn 4Þ  30nðn 1Þ
 ðn 2Þðn 3Þ p
p p1 þ 420nðn 1Þðn 2Þ
p2
ðp p1Þ2
 3360nðn 1Þ p
3
ðp p1Þ3
þ 15120n p
4
ðp p1Þ4
30240 p
5
ðp p1Þ5
)
: ð44Þ
The above formulations give the derivation of oGijoh and
oGij
o/ for general
anisotropic materials, including non-degenerate and degenerate
cases. Moreover, in case the Green’s function is available in simple
form, a direct calculation for the differentiation in (15) is mathe-
matically straightforward as
oGij
oxk
¼ 1
4pr
Hij
r
or
oxk
þ oHij
oh
oh
oxk
þ oHij
o/
o/
oxk
 
; ð45Þ
which can avoid the need for solving the integrals again in (24) and
(25). However, if the expression of Green’s function appears com-
plicated and lengthy, the formulation developed above would be
a better choice for solving the derivatives of Green’s function.
Following the same approach, the higher order derivatives can be
evaluated as
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oxkoxl
¼ oGij;k
or
or
oxl
þ oGij;k
oh
oh
oxl
þ oGij;k
o/
o/
oxl
: ð46Þ4. Application to transversely isotropic materials
We now apply the result obtained in Section 3 to transversely
isotropic materials. Let the axis of material symmetry coincide
with the x3-axis, the nonzero components of the elastic constants
are shown in contracted notation Cuv ðu;v ¼ 1;2; . . . ;6Þ as
C11 ¼ C22; C12; C13 ¼ C23; C33; C44 ¼ C55;
C66 ¼ ðC11  C12Þ=2: ð47Þ
Hence, using (7), (8) and (47), we obtain
C11ðpÞ ¼ C11z21 þ C66z22 þ C44z23;
C12ðpÞ ¼ ðC12 þ C66Þz1z2;
C13ðpÞ ¼ ðC13 þ C44Þz1z3;
C22ðpÞ ¼ C66z21 þ C11z22 þ C44z23;
C23ðpÞ ¼ ðC13 þ C44Þz2z3;
C33ðpÞ ¼ C44ðz21 þ z22Þ þ C33z23;
ð48Þ
where zi ¼ ni þ pmi ði ¼ 1;2;3Þ. It is readily shown that the determi-
nant jCðpÞj leads to a cubic equation in p2, and the adjoint matrix is
C^11ðpÞ ¼ ðC66z21 þ C11z22 þ C44z23Þ½C44ðz21 þ z22Þ þ C33z23
 ðC13 þ C44Þ2z22z23;
C^12ðpÞ ¼ z1z2 ðC12 þ C66Þ½C44ðz21 þ z22Þ þ C33z23  ðC13 þ C44Þ2z23
n o
;
C^13ðpÞ ¼ z1z3ðC13 þ C44Þ C66ðz21 þ z22Þ þ C44z23
 
;
C^22ðpÞ ¼ ðC11z21 þ C66z22 þ C44z23Þ½C44ðz21 þ z22Þ þ C33z23
 ðC13 þ C44Þ2z21z23;
C^23ðpÞ ¼ z2z3ðC13 þ C44Þ C66ðz21 þ z22Þ þ C44z23
 
;
C^33ðpÞ ¼ C11ðz21 þ z22Þ þ C44z23
 
C66ðz21 þ z22Þ þ C44z23
 
;
ð49Þ
and jTj ¼ C11C44C66. The expressions of oC^ijðpÞoh and
oC^ijðpÞ
o/ are shown in
Appendix A. Let p1 be the root of the quadratic equation
C66ðcos2 /þ p2Þ þ C44 sin2 / ¼ 0: ð50Þ
The eigenvalue p1 can be expressed with positive imaginary parts as
p1 ¼ i cos2 /þ C44 sin2 /=C66
 	1
2 ¼ iK: ð51Þ
The roots p2 and p3 with positive imaginary parts satisfy the quartic
equation
C11C44ðcos2 /þ p2Þ2 þ ðC11C33  C213  2C13C44Þðcos2 /þ p2Þ
 sin2 /þ C33C44 sin4 / ¼ 0: ð52Þ
By denoting
p2p3 ¼ E; p2 þ p3 ¼ iG; ð53Þ
with
E ¼ cos4 /þ ðC11C33  C213  2C13C44Þ sin2 /
n
 cos2 /=ðC11C44Þ þ C33 sin4 /=C11
o1=2
;
G ¼ 2 cos2 /þ ðC11C33  C213  2C13C44Þ
n
 sin2 /=ðC11C44Þ þ 2E
o1=2
:
ð54ÞEq. (13) for this case can therefore be calculated as
q0 ¼
K þ G
KEGðK2 þ KGþ EÞ ; q1 ¼ 0; q2 ¼
1
GðK2 þ KGþ EÞ ;
q3 ¼ 0; q4 ¼
Eþ KG
GðK2 þ KGþ EÞ : ð55Þ
The explicit expressions of tensor H½h;/ for transversely isotropic
materials are
H11 ¼ 1
C11C44KEGsin
2/
ðcos2/cos2 hþEsin2 hÞn1þcos2 hn2
h i
;
H12 ¼ 1
C11C44KEGsin
2/
ðcos2/EÞn1þn2

 
sinhcosh;
H13 ¼ 1C11C44EGðC13þC44Þsin/cos/cosh;
H22 ¼ 1
C11C44KEGsin
2/
cos2/sin2 hþEcos2 h
 	
n1þ sin2 hn2
h i
;
H23 ¼ 1C11C44EGðC13þC44Þsin/cos/sinh;
H33 ¼ 1C11C44EG C11EþC11 cos
2/þC44 sin2/
 	
;
ð56Þ
with
n1 ¼ K C11 cos2 /þ C44 sin2 /þ C11E
 	
 C11G cos2 /;
n2 ¼ C11G cos4 /þ C11K2EG C11KG2 cos2 /:
ð57Þ
With the result of H, we can easily construct the Green’s function by
(5) and calculate the oGijor in (19). To illustrate the application of the
present method, we take the inﬁnite body subjected to the point
force normal to the plane of isotropic for example and consider
the related stress components. Expressions for the strains, and
hence the stresses, may be obtained by differentiating (56) accord-
ingly. Writing the stress–strain relations in the form
rij ¼ CijksGk3;s: ð58Þ
The related partial derivatives needed in (58) are
oH13
oh
¼ðC13þC44Þ
C11C44EG
sin/cos/sinh;
oH13
o/
¼ðC13þC44Þ
C11C44
cosh
EG
12sin2/ sin/cos/ 1
E
oE
o/
þ1
G
oG
o/
  
;
oH23
oh
¼ðC13þC44Þ
C11C44EG
sin/cos/cosh;
oH23
o/
¼ðC13þC44Þ
C11C44
sinh
EG
 12sin2/ sin/cos/ 1
E
oE
o/
þ1
G
oG
o/
  
;
oH33
oh
¼ 0;
oH33
o/
¼ 1
C11C44EG
 ðC11 cos2/þC44 sin2/Þ
n
 1
E
oE
o/
þ1
G
oG
o/
 
þC11 EG
oG
o/
þ2ðC11C44Þsin/cos/

;
ð59Þ
where
oE
o/
¼  sin/ cos/
E
2 cos2 /þ C11C33  C
2
13  2C13C44
C11C44
(
ðsin2 / cos2 /Þ  2C33
C11
sin2 /

;
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o/
¼ 1
G
2 sin/ cos/þ C11C33  C
2
13  2C13C44
C11C44
sin/ cos/þ oE
o/
( )
:
ð60Þ
The stress components due to a point force normal to the plane of
isotropic are
r11 ¼ 14pr2C11C44EG

ðC13 þ C44ÞðC11g4 þ C12g5Þ cos/
þ C13  cos/g2 þ sin/g3ð Þ

;
r12 ¼ C66ðC13 þ C44Þ2pr2C11C44EG g1  1 sin
2 /
n o
cos/ sin h cos h;
r13 ¼  14pr2C11EG

ðC13 þ C44Þ cos2 /þg1
 
sin/
þ sin/g2 þ cos/g3

cos h;
r22 ¼ 14pr2C11C44EG

ðC13 þ C44ÞðC12g4 þ C11g5Þ cos/
þ C13  cos/g2 þ sin/g3ð Þ

;
r23 ¼  14pr2C11EG

ðC13 þ C44Þ cos2 /þg1
 
sin/
þ sin/g2 þ cos/g3

sin h;
r33 ¼ 14pr2C11C44EG

C13ðC13 þ C44Þ 1 sin2 /þg1
 	
cos/
þ C33  cos/g2 þ sin hg3ð Þ

; ð61Þ
where
g1 ¼ 1 2 sin2 / sin/ cos/
1
E
oE
o/
þ 1
G
oG
o/
 
;
g2 ¼ C11Eþ C11 cos2 /þ C44 sin2 /;
g3 ¼ ðC11 cos2 /þ C44 sin2 /Þ
1
E
oE
o/
þ 1
G
oG
o/
 
þ C11 EG
oG
o/
þ 2ðC11  C44Þ sin/ cos/;Fig. 1. Variation of normg4 ¼ 1 ð1þ sin2 /Þ cos2 hþ cos2 hg1;
g5 ¼ 1 ð1þ sin2 /Þ sin2 hþ sin2 hg1: ð62Þ
The results are compared with Pan and Chou’s solutions as follows.
The values of E and G, involving parameters of the elastic constants
and the position vector, can be shown related to m1 and m2 in Pan
and Chou’s paper (1976) as
E ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos2 /þ 1
m21
sin2 /
 
cos2 /þ 1
m22
sin2 /
 s
; ð63Þ
G ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos2 /þ 1
m21
sin2 /
s
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos2 /þ 1
m22
sin2 /
s
: ð64Þ
With the deﬁnition of R1; R2; R

1 and R

2 in Pan and Chou’s results
(1976), the following correlation holds:
E ¼ R1R2
r2m1m2
; G ¼ R1
rm1
þ R2
rm2
; ð65Þ
or
1
G
¼ m1m2ðm2R1  m1R2Þ
rðm22  m21Þ sin2 /
; ð66Þ
1
EG
¼ rm
2
1m22ðm2R1  m1R2Þ
R1R2ðm22  m21Þ sin2 /
; ð67Þ
E
G
oG
o/
¼ sin/ cos/
r2 sin2 /m1m2
R1R2  r2m1m2
  ¼ cos/
sin/
ðE 1Þ: ð68Þ
By substituting the above relation into (56) and (61), it has been
proved that the present solutions agree exactly with the results
given by Pan and Chou (1976). To display the present solutions
we use the following material properties (Tonon et al., 2001) to cal-
culate the stress result. The material properties are
C11 ¼ 88; C12 ¼ 72; C13 ¼ 40; C33 ¼ 24; C44 ¼ 16; ð69Þ
in unit of 107 N/m2. Let r ¼ 1 and evaluate the variation of stress
due to the change of h and /. The stress distributions due to a point
load are shown in Figs. 1 and 2 for h ¼ p4 with varying / and Figs. 3al stresses on h ¼ p4.
Fig. 2. Variation of shear stresses on h ¼ p4.
Fig. 3. Variation of normal stresses on / ¼ p4.
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present solution, evaluations of the derivative of Green’s function
for transversely isotropic material are also given for the values
0 6 h 6 p and 0 6 / 6 p, with an increment of 0.1, i.e. a total of
1800 1800 points are calculated. The CPU time (in s) for the calcu-
lation is shown in Table 1.5. Application to isotropic materials
The nonzero components of the elastic constants Cijkl are shown
in contracted notation Cpq as
C11 ¼ C22 ¼ C33 ¼ kþ 2l; C12 ¼ C13 ¼ C23 ¼ k; C44 ¼ C55
¼ C66 ¼ l; ð70Þ
where k ¼ 2lm=ð1 2mÞ, 2l ¼ E=ð1þ mÞ. The matrix CðpÞ can be
derived from the related terms of transversely isotropic materials
by substituting the corresponding elastic stiffness. The results areC11ðpÞ ¼ C11z21 þ C66z22 þ C66z23;
C12ðpÞ ¼ ðC12 þ C66Þz1z2;
C13ðpÞ ¼ ðC12 þ C66Þz1z3;
C22ðpÞ ¼ C66z21 þ C11z22 þ C66z23;
C23ðpÞ ¼ ðC12 þ C66Þz2z3;
C33ðpÞ ¼ C66ðz21 þ z22Þ þ C11z23:
ð71Þ
For an isotropic medium, the vanishing of the determinant of CðpÞ
of (71) leads to
jCðpÞj ¼ C11C266 1þ p2
 3
; ð72Þ
which yields three repeated roots. Eq. (13) for this case can be
calculated as
q0 ¼
3
8
; q1 ¼ 0; q2 ¼
1
8
; q3 ¼ 0; q4 ¼
3
8
: ð73Þ
Fig. 4. Variation of shear stresses on / ¼ p4.
Table 1
Time (in s) for evaluating some values of Gij;a ða ¼ h or /Þ.
G13;/ G13;h G11;/ G11;h
Total time for
1800 1800 points
2.10 0.62 2.36 0.65
Average time per point 6:38 107 1:91 107 7:28 107 2:01 107
V.-G. Lee / International Journal of Solids and Structures 46 (2009) 3471–3479 3477The components of adjoint matrix are
C^11ðpÞ ¼ C66 z21 þ z22 þ z23
 
C66z21 þ C11z22 þ C11z23
 
;
C^12ðpÞ ¼ C66ðC12 þ C66Þz1z2ð1þ p2Þ;
C^13ðpÞ ¼ C66ðC12 þ C66Þz1z3ð1þ p2Þ;
C^22ðpÞ ¼ C66 z21 þ z22 þ z23
 
C11z21 þ C66z22 þ C11z23
 
;
C^23ðpÞ ¼ C66ðC12 þ C66Þz2z3ð1þ p2Þ;
C^33ðpÞ ¼ C66 z21 þ z22 þ z23
 
C11z21 þ C11z22 þ C66z23
 
:
ð74Þ
Using (74), the corresponding tensor H can be obtained as
H11 ¼ 12C11C66 C11 þ C66 þ ðC11  C66Þ sin
2 / cos2 h
n o
;
H12 ¼ 12C11C66 ðC12 þ C66Þ sin
2 / sin h cos h;
H13 ¼ 12C11C66 ðC12 þ C66Þ sin/ cos/ cos h;
H22 ¼ 12C11C66 C11 þ C66 þ ðC11  C66Þ sin
2 / sin2 h
n o
;
H23 ¼ 12C11C66 ðC12 þ C66Þ sin/ cos/ sin h;
H33 ¼ 12C11C66 C11 þ C11 cos
2 /þ C66 sin2 /
 	
;
ð75Þ
By substituting (70) into (75), the results are proved to be equal to
GijðxÞ ¼ 116plð1 mÞr ð3 4mÞdij þ
xixj
r2
n o
; ð76Þ
by Lord Kelvin (1882), where r ¼ ðxixiÞ1=2. Subsequently, the follow-
ing expression is frequently used for isotropic materials (Mura,
1992):
CjlmnGij;lðxÞ¼ 18pð1mÞ ð12mÞ
dmixnþdnixmdmnxi
x3
þ3xmxnxi
x5
 
; ð77Þwhere x ¼ x x0 and x ¼ jx x0j. For comparison, here we consider
Cjl11G1j;l ¼ C1111G11;1 þ C2211G12;2 þ C3311G13;3; ð78Þ
with
oG11
ox1
¼ 1
16plð1 mÞr3 x1 ð3 4mÞ þ
x21
r2
 
þ 2x2 sin h cos h

þ2 x1x
2
3
r2
cos2 h

; ð79Þ
oG12
ox2
¼ 1
16plð1mÞr3 
x1x22
r2
þx1ðcos2hsin2hÞþ2x2x
2
3
r2
sinhcosh
 
; ð80Þ
oG13
ox3
¼ 1
16plð1 mÞr3 x1  3
x1x23
r2
 
: ð81Þ
After taking (79)–(81) into (78) we obtain
Cjl11G1j;l ¼ 18pð1 mÞ ð1 2mÞ
x1
r3
þ 3 x
3
1
r5
 
; ð82Þ
which agrees perfectly with (77).
As shown in (17), the singular behavior occurs in the term
oh
oxk
ðk ¼ 1 or 2Þ as sin/ ! 0. However, it would not happen when
we use (15) to perform the differentiation on Green’s function.
Although ohoxk ðk ¼ 1 or 2Þ tends to inﬁnity as sin/ ! 0, the singu-
larity of derivative oGijoh
oh
oxk
can be removed due to the numerator of
oGij
oh also containing the term sin/. For example
oG13
oh
¼ 1
4pr
ðC12 þ C66Þ
2C11C66
sin/ cos/ð sin hÞ: ð83Þ
Finally, the derivative of G13 with respect to x1 has the form
oG13
ox1
¼ 1
4pr2
ðC12 þ C66Þ
2C11C66
cos/ 1 3 sin2 / cos2 h
n o
: ð84Þ
As ðx1; x2Þ ! ð0; 0Þ, it has the limiting value
oG13
ox1
¼ 1
4pr2
ðC12 þ C66Þ
2C11C66
cos/: ð85Þ
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Based on the Green’s function obtained by Ting and Lee (1997),
the derivatives of three-dimensional Green’s functions for solids of
general anisotropy were derived in this paper. Instead of using the
Cartesian coordinate system, the calculation was performed on the
spherical coordinate system. The method of derivation is based on
the total differential scheme and takes its partial differentiation
with respect to spherical coordinate system accordingly. The
ﬁrst-order derivatives of the Green’s function were discussed in
Section 3. With the application of Cauchy residue theorem, the
contour integral can be examined in terms of the Stroh eigenvalues
of a sextic equation. The formulation is presented explicitly in
terms of the eigenvalues, provided that the Stroh eigenvalues need
to be numerically obtained for generally anisotropic materials. For
the degenerate cases, evaluations of the residues at multiple poles
are also given. Following the same approach, higher-order deriva-
tives can be performed in a similar manner. For illustration pur-
pose, the method was used to obtain explicit expressions for the
Green’s functions and stress components for transversely isotropic
materials in Section 4 and isotropic materials in Section 5. The
results are in perfect agreement with existing solutions. The meth-
od presented here should lead to an easy implication of the results.
Appendix A
The components of oC^ijðpÞoh for transversely isotropic materials are
as follows:
oC^11ðpÞ
oh
¼2ða1 cos2/þa2 sin2/Þcos2/sinhcosh
þ2cos/ðcos2 hsin2 hÞða1 cos2/þa2 sin2/Þp
2a2 sin2/sinhcoshp2þ2a1 cos/ðcos2 hsin2 hÞp3
2a1 sinhcoshp4;
oC^12ðpÞ
oh
¼ða1 cos2/þa2 sin2/Þðsin2 hcos2 hÞcos2/
þ4cos/sinhcoshða1 cos2/þa2 sin2/Þp
a2 sin2/ðsin2 hcos2 hÞp2þ4a1 cos/sinhcoshp3
a1ðsin2 hcos2 hÞp4;
oC^13ðpÞ
oh
¼ða3 cos2/þa4 sin2/Þsin/cos/sinh
ða3 cos2/þa4 sin2/Þsin/coshp
a3 sin/cos/sinhp2a3 sin/coshp3;
oC^22ðpÞ
oh
¼2ða1 cos2/þa2 sin2/Þcos2/sinhcosh
þ2cos/ðsin2 hcos2 hÞða1 cos2/þa2 sin2/Þp
þ2a2 sin2/sinhcoshp2þ2a1 cos/ðsin2 hcos2 hÞp3
þ2a1 sinhcoshp4;
oC^23ðpÞ
oh
¼ða3 cos2/þa4 sin2/Þsin/cos/cosh
ða3 cos2/þa4 sin2/Þsin/sinhp
þa3 sin/cos/coshp2a3 sin/sinhp3;
oC^33ðpÞ
oh
¼0;
ðA:1Þ
where
a1 ¼C44ðC11  C66Þ; a2 ¼ C11C33  C213  2C13C44  C244  C33C66;
a3 ¼ ðC13 þ C44ÞC66; a4 ¼ ðC13 þ C44ÞC44: ðA:2ÞThe components of oC^ijðpÞo/ for transversely isotropic materials are as
follows:
oC^11ðpÞ
o/
¼2sin/cos/ ½ð2b1þb4Þcos2 hþðb32b2Þsin2 hcos2/
n
þð2b5b4 cos2 hb3 sin2 hÞsin2/
o
þ2sin/sinhcosh
 ðb4b3Þsin2/þ½2ðb3b4Þþ3ðb1b2Þcos2/
n o
p
þ2sin/cos/ b3 cos2 hþb4 sin2 hb1b2
n o
p2
þ2ðb1b2Þsin/sinhcoshp3;
oC^12ðpÞ
o/
¼2sin/cos/sinhcosh ð2b22b1b3þb4Þcos2/

þðb3b4Þsin2/
o
þ sin/ðcos2 hsin2 hÞ
 ð3b23b12b3þ2b4Þcos2/þðb3b4Þsin2/
n o
p
þ2ðb3b4Þsin/cos/sinhcoshp2þsin/ðb2b1Þ
ðcos2 h sin2 hÞp3;
oC^13ðpÞ
o/
¼ cosh b6 cos4/þ3ðb7b6Þsin2/cos2/b7 sin4/
n o
cos/sinh b6 cos2/þð3b72b6Þsin2/
n o
p
þb6 coshðcos2/sin2/Þp2b6 cos/sinhp3;
oC^22ðpÞ
o/
¼2sin/cos/ ð2b5b4 sin2 hb3 cos2 hÞsin2/
n
þ½ðb42b1Þsin2 hþðb32b2Þcos2 hcos2/
o
þ2sin/sinhcosh
 ðb3b4Þsin2/þð2b42b33b1þ3b2Þcos2/
n o
pþ2sin/cos/
 b3 sin2 hþb4 cos2 hb1b2
n o
p2
2ðb1b2Þsin/sinhcoshp3;
oC^23ðpÞ
o/
¼ sinh b6 cos4/þ3ðb7b6Þsin2/cos2/b7 sin4/
n o
þcos/cosh b6 cos2/þð3b72b6Þsin2/
n o
p
þb6 sinhðcos2/ sin2/Þp2þb6 cos/coshp3;
oC^33ðpÞ
o/
¼2sin/cos/ ð2b9b1b2Þsin2/þðb1þb22b8Þcos2/
n o
þ2ðb1þb22b8Þsin/cos/p2;
ðA:3Þ
where
b1 ¼ C44C66; b2 ¼ C11C44;
b3 ¼ C11C33  C213  2C13C44; b4 ¼ C244 þ C33C66;
b5 ¼ C33C44; b6 ¼ ðC13 þ C44ÞC66;
b7 ¼ ðC13 þ C44ÞC44; b8 ¼ C11C66;
b9 ¼ C244:
ðA:4Þ
The differentiation of the determinant jf ðpÞj with respect to / is
of ðpÞ
o/
¼2 sin/ cos/ ðd1 þ d2  3Þ cos4 /þ 2 cos2 / sin2 /ðd1d2 þ d3
n
d1  d2Þ þ ð3d1d3  d1d2  d3Þ sin4 /
o
þ 4 sin/ cos/ ðd1 þ d2  3Þ cos2 /

þðd1d2 þ d3  d1  d2Þ sin2 /
o
p2
þ 2 sin/ cos/ðd1 þ d2  3Þp4; ðA:5Þ
where
d1 ¼ C44C66 ; d2 ¼
C11C33  C213  2C13C44
C11C44
; d3 ¼ C33C11 : ðA:6Þ
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